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Theoretical Modeling of Resonant Modes
of Composite Ultrasonic Transducers

Yongan Shui, Xuechang Geng, and Q. M. Zhang

Abstract— Although a great deal of effort has been devoted
to the modeling of composite piezoelectric materials, most of the
earlier works are based on the assumption that the structure
of the composite relative to the wavelength is very fine. Such
approximation cannot address the complete dynamic behavior of
composites. In order to understand the overall characteristics of
composite ultrasonic transducers, a dynamic model was devel-
oped, in which the acoustic waves propagating in 2-2 composites
along the thickness direction were analyzed by solving the coupled
elastic equations of the constituent phases. By neglecting the
boundary conditions of the free surfaces and simply taking the
resonator thickness as half a wavelength, the resonant modes of
the composite transducers as functions of aspect ratio of the
ceramic plate elements and volume fraction of ceramic phase
can be calculated from this model. The theoretical dispersion
curves for the thickness mode and the lateral periodical mode
agree with the experimental results. The vibration distribution in
the ceramic and polymer phases at the resonant frequency as a
function of the composite thickness as well as the volume fraction
of the ceramic phase are obtained, and through the discussion of
the vibration field the variation rule of the resonant frequency is
well explained. For the resonant frequency the results of the iso-
strain model, the stopband resonance model, and the 7'-matrix
model are consistent with the predictions made by this model
under the special condition of very fine structure.

1. INTRODUCTION

IEZOCERAMIC-POLYMER composites have been

proven to be efficient and powerful materials for
ultrasonic transducers due to their high electro-mechanical
coupling and low acoustic impedance [1]. This results in their
wide spread acceptance for use in medical and underwater
applications. Being a di-phasic material, the characteristics of
a composite depend not only on the material parameters of
ceramic and polymer phases, but also on their dimensions and
operating frequencies. For transducer design, it is important
to understand these relationships.

Basically, the previous theoretical works were performed
mainly in three directions:

(a) In the case of very fine composite structures, quasistatic
and iso-strain approximations were used to derive the effective
properties of composites which include the effective elasticity,
permittivity, piezoelectricity, and density; hence, the effective
acoustic velocities in direction of thickness, the thickness
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resonant frequency constant, the effective acoustic impedance,
and the effective thickness piezoelectric coupling coefficient
[2]-[4]. For an ultrasonic transducer, it is important, but needs
to extend the model to the dynamic treatment and include the
effect of the finite structure.

(b) By solving for the wave propagation in the direction
perpendicular to the thickness in an infinite periodical com-
posite material, the stop band of the wave propagation can
be obtained, and the edge of the stop band is related to
the lateral periodical resonance of the composite transducers
[5]-[7]. The model was also extended to the case of finite
thickness by an approximate Lamb wave propagation method
[8], [9]. Although the model introduced the useful concept
of the stopband edge resonance in a composite structure as
the upper limit for the operation frequency range, it does not
provide a quantitative and complete description of the lateral
periodical resonant modes of a composite.

(c) In addition to the analytical modeling, finite element
analysis has been applied to the dynamic problems of the
piezo-composite materials [10]-[13]. The results, although
very informative, do not proceed with an advancement in
concept toward the understanding of dynamic response of the
piezo-composites.

The aim of this paper is to develop a model which, beyond
the earlier models, can calculate an entire set of dispersion
curves for various modes of piezo-composites with 2-2 con-
nectivity. Under certain approximations the thickness resonant
frequencies and the lateral periodical resonant frequencies
(stop band edge frequencies) appear as two branches of the
dispersion curves, expressed as a function of the volume
fraction of the ceramic phase (or polymer phase) and the aspect
ratio (the ratio of the thickness to the width) of ceramics or
polymers.

We will first derive the model by solving the coupled dy-
namic elastic equations in Section II for an infinitely extended
2-2 composite. From the solution, the dispersion curves as
well as the vibration field distribution for each resonant mode
are obtained. In Section III the experiments are described.
The experimental thickness resonant frequencies and lateral
frequencies coincide with the theoretical dispersion curves.
Section IV illustrates the rules of the variation of thickness
resonant frequencies and lateral resonant frequencies with the
thickness and the volume fraction, and explains these variation
rules by means of the vibration field distribution. Finally, we
compare the results with the earlier models in Section V. We
will show that the results of resonant frequency by the iso-
strain model, the stopband resonance model, and the T-matrix
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model are consistent with the predictions made by this model
under special condition of very fine structure.

II. THEORY

For a piezo-composite with 2-2 connectivity, as shown in
Fig. 1, we solve for the solutions of waves propagating parallel
to the interfaces, i.e., in x3 direction. Here, we assume that
the dimension of the composite in the xo direction is large
enough that the derivative of all the quantities with respect to
x9 vanishes. For simplicity, we take the piezoelectric ceramic
as a nonpiezoelectric, isotropic material in the calculation.
This approximation introduces a small error to the resonant
frequency, but does not change the main feature of the
dispersion curves in the common used range.

Similar to the solution of Lamb wave by using partial waves
[14],the plane wave solution propagating in the z3 direction
can be written as
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where m is an arbitrary integer, d. and d, are the widths of
ceramic plate and polymer plate, d = d. + d,, is therefore the
period. And the volume fraction of the ceramic phase is

r=d./d

uf,u,uy, and uf are the elastic displacement components
in ceramic and polymer regions, respectively, A7, , A7 ,
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Fig. 1. The schematic diagram of a 2-2 composite.
Ag AT, AT AT VAL and A% are the amplitudes

of longitudinal and transverse partial waves, k5, k%, k7, and
kY. are the moduli of the corresponding wave vectors which
have a common component k3 in the x3-direction, and have
kS, kS, kY |, and k.| as their respective x1-components. kr1
and kpj for both ceramic and polymer are given by

ki = k2 — K2, kpy o= (Jk2 — K2
w=krvr = krvr 2)

where vy, and vy are the velocities of longitudinal and shear
waves.

For a composite transducer, only the symmetrical modes are
piezo-electric active. In most cases of transducer application
only the symmetrical modes are concerned. Substitute the
symmetrical conditions

d
=u} (5 —:1:1> (3)

into (1), one can have
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It expresses the solution in one unit cell among all periodically
repeated cells.

The boundary conditions at the ceramic-polymer interface
are

3)
()
(23
Ty <T2d) =17, (%) (Sb)

The stress components are related to the strain components in
an isotropic material by
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Substituting (4) into boundary conditions (5) yields the follow-
ing linear equations which relate the four unknown amplitudes
in (4), ie., Aj, A%, A% and A%
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Here, we give one example for the expression of K elements:

o 2kskg, . rd
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The condition of a nonzero solution for A5, A%, A% | and A%,
requires that the determinant of the matrix [K;;] equals zero,
where all the matrix elements are functions of frequency w and
wave vector k3. From (7), one can solve for the relationship
between w and ks which presents as the dispersion curves of
the wave propagating in the composites along the x3 axis. For
each pair of w and kg, there is a solution set of ratios between
the amplitudes A, A5, A}, and A%, from (7). Substitute them
into (4), the vibration distribution in the two phases for that
mode is then obtained.
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Fig. 2. The measured electrical impedance curve of a composite transducer.
The length, width, and thickness of the transducer are 13.77, 6.37, and 1.56
mm, respectively. The widths of ceramic and polymer plates are 0.35 and
0.28 mm, respectively.

In order to model a 2-2 composite transducer with a finite
thickness, we assume that at resonance the wavelength A3 in
the =3 direction is twice the transducer thickness £, hence
ks = 2w /A3 = w/t. Here by ignoring mode coupling effects
at the two end faces of the transducer, some error will be
introduced. It will be serious as the transducer becomes too
thin (in estimation when the polymer aspect ratio ¢/d, is
smaller than one, d,/t = 2d,/ s = 2(1 — r)d/As > 1, the
deviation might become obvious).

III. EXPERIMENTS

To compare with the theoretical results, a series of 2-
2 composites were fabricated with different thicknesses and
ceramic volume fractions. These composites were made by
PZT-5H and Spurrs epoxy with density 1080 kg/m®. The
longitudinal and shear velocities of the epoxy measured by the
time-of-flight technique are 2.20 and 1.07 km/s, respectively.
In all these composites, the polymer width d, was fixed at
0.35 mm. The electrical impedance of the transducer was
measured by a HP impedance analyzer (model 4191A). A
typical impedance curve measured from a 2-2 composite
sample with ceramic volume fraction » = 0.45 and thickness
t = 1.56 mm is presented in Fig. 2. From the relevant
velocities of the two phases as well as the characteristic of
the measured impedance curve, the resonance modes can be
identified. For example, the thickness mode is distinguished
from other modes by the large piezoelectric coupling, the
difference between resonant and anti-resonant frequencies for
the thickness mode is larger than the other modes. In Fig. 2,
the thickness resonant and anti-resonant frequencies of this
composite are 0.918 and 1.089 MHz, while the third and
fifth harmonics are at 3.546 and 5.98 MHz, respectively. The
resonance mode at 1.76 MHz is related to the lateral resonance
of the composite periodic structure.
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TABLE 1
THE PARAMETERS OF CERAMIC AND EPOXY USED IN CALCULATION

ch Cas ch
(1010N/m?)  (1019N/m2)  (101°N/m?)
13.9 4.0 0.53

Caa p° pp
(100N/m?)  (10%kg/m3)  (103%kg/md)
0.13 7.5 1.1
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Fig. 3. The dispersion curves of waves propagating in a 2-2 PZT-5H-Spurrs

epoxy composite transducer for volume fraction of ceramic » = 0.3. The
frequency f and the wavelength Az are normalized by the period of composite
d. The theoretical curves are solid lines and the experimental data are marked
as circles. The smaller circles are the thickness resonance.

IV. RESULTS AND DISCUSSIONS

As an example, Fig. 3 illustrates the calculated disper-
sion curves of r = 0.3 (solid line) with the corresponding
experimental data of antiresonant frequencies (circles). The
experimental thickness modes are expressed by smaller circles.
In the calculation, the parameters used for the ceramic phase
are rounded to isotropic ones approximately from those of
PZT-5H ceramic. The parameters of epoxy are taken from the
measurements of the samples. All the parameters for both the
polymer and approximate isotropic ceramic phases are listed
in Table I. They are used in all the calculations presented in
this paper.

One can predict the dependence of thickness and lateral
resonant frequencies on the thickness and volume fraction
from the corresponding dispersion curve. This is of great
interests in the practical applications.

At large thickness (d/\3 ~ d/2t < 1)the thickness mode
and the lateral resonance mode correspond to the lowest and
second curve of the dispersion curves in Fig. 3, respectively.
The third curve we will discuss at the end of this session. The
dependence of the thickness resonant frequency on the thick-
ness ¢ at large thickness is nearly a straight line (the beginning

portion of the lowest curve in Fig. 3). Since in such case the
composite structure is fine (period d < wavelength A3), the
wave velocity vs in the thickness direction (vs = fAg is the
slope of the curve) changes very little with x3-wavelength
A3 = 2t. In the same region of d/\3 the lateral resonant
frequency varies slightly with thickness. As the value of d/\3
increases, the thickness resonant frequency approaches that of
the lateral periodical resonant frequency, the mode coupling
between two modes occurs as has been indicated in principle
[15].

Replacing d by d,, we redraw the dispersion curves for
various ceramic volume fractions 7, and put them together in
Fig. 4. For r = 0.7, the mode coupling between the thickness
and lateral modes is very weak since the fundamental and
second curves almost intersect at a point. As r decreases from
0.7 to 0.3, the coupling between modes becomes stronger,
and two curves shift apart from each other. As the thickness
is thinner, the portion of second curve after mode coupling
region looks like the extension of the beginning part of the
lowest curve, vice versa, the portion of lowest curve after mode
coupling region seems to be the extension of the second curve
before mode coupling region. The experimental thickness
resonant frequencies plotted in Fig. 3 (small circles) which
we identified by the strong piezoelectric coupling, are close to
the second curve after the mode coupling region and follow
the lowest curve before the mode coupling region. It reflects
that the piezoelectric coupling coefficient is changing with the
thickness for both the modes.

We found both experimentally and theoretically, that for
2-2 piezo-composites in case of large aspect ratio of the
polymer (¢/d,), the lateral periodical resonant frequency in
an appropriate range of volume fraction is mainly determined
by the width of polymer d),, other than the whole period d. In
Fig. 3, the second curve at small d/\3 represents the lateral
periodical resonant frequency. We plot the lateral resonant
frequency at zero d/)\s versus ceramic volume fraction , as
shown in Fig. 5. In Fig. 5 the frequency is normalized by the
period d. If the width of polymer d, is used instead of d to
normalize the frequency f, we have Fig. 6. It is clear from
Fig. 6 that in the region of 0.2 < r < 0.75, the curve is rather
flat (fd, ranges from 3.69 to 3.33, Af/f < 5%). It could be
well explained by the field distribution of the wave.

Fig. 7 shows a typical field distribution (relative amplitude
profile of displacement wz(x1) in the x3-direction) for the
lateral mode of » = 0.3 and d/A3 = 0.03 at fd = 0.880
MHz/mm. The sign of the vibration in ceramic is opposite to
the sign over most area of polymer, so the vibration in ceramic
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Fig. 4. The dispersion curves for various volume fraction of ceramic r,

normalized by the width of polymer dj. Solid line, 7 = 0.3; dotted line,
r = 0.45; short dashed line, r = 0.6; dashed line,r = 0.7.
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Fig. 5. The lateral periodic resonant frequency f of composite transducers
atd/A3 — 0 limit for various volume fraction of ceramic r. f is normalized

by the period d. Solid line is calculated from the dynamic model, circles are
from the 7'-matrix method.

is out-of-phase to that in polymer. At zero d/\3, A5 = A} =
0, ks — 0,k; — k%, k%, — kb, the lateral mode is a
periodically combined pure shear wave resonance in the lateral
direction. According to (4) the amplitude distributions are
cosine curves both in polymer and ceramic, respectively. Since
(kS /L) = (vh/v5), the ratio of total argument of cosine
curves in polymer to that in ceramic is [rk%./(1 — r)k}] =
[rv} /(1 —r)v§]. At r & 0.7 the ratio is close to 1, both of the
arguments in polymer and ceramic are nearly 7, the vibration
in each polymer and ceramic plate behaves as an independent
resonance. This is the reason of weak mode coupling in such
case. Under the critical ceramic volume fraction value 7g
satisfying the condition [rov}./(1 — 79)v$] = 1, fd, of lateral
periodical resonance must be equal to the half of polymer
shear velocity v%./2 (the same for ceramic fd. = v5/2).
From the stress continuity boundary condition, because the
shear elastic stiffness of polymer is much smaller than that of
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Volume fraction of ceramics

o

Fig. 6. The same curve as in Fig. 5,but f is normalized by the width of
polymer dy.

0.4

polymer

Amplitude (arbitrary unit)

- ceramic Y

X4

Fig. 7. The vibration amplitude distribution at the lateral periodic resonance
of composite for r = 0.3 and d/A3 = 0.03.

ceramic (in our calculation they are 0.13 and 4.0, respectively),
the amplitude at the center of polymer would be much larger
than in ceramic, as shown in Fig. 7. In case of ceramic volume
fraction value smaller than r(, since the amplitude difference
is large, the reduction of volume fraction value causes a small
increment to the total argument of cosine curve in polymer
from 7 due to the displacement continuity condition. This
explains that there is only a little raise of fd, as r is reduced
from 0.7 to 0.3. The larger is the acoustic impedance difference
between polymer and ceramic, the weaker is the growth of
fd, from the weak coupling point. This rule allows one to
estimate the lateral resonant frequency with moderate ceramic
volume fraction  at small d/A3. In an extreme case, suppose
the acoustic impedance ratio between polymer and ceramic
approaches zero, the vibration in polymer would become a
clamped shear wave resonance and the resonant frequency
would be always v}./2d,, no matter with the volume fraction.

In experiments we have noticed that the widths between
two zero surface vibration positions in polymer, observed by
a ultra-dilatometer laser probe, are narrower than the widths
of polymer plates for the second modes. It is consistent with
the theoretical analysis.



SHUI et al.: THEORETICAL MODELING OF RESONANT MODES OF COMPOSITE ULTRASONIC TRANSDUCERS 771

]
—

Lossalassa s aataaaslsgals

'
N

cllllllllllllll‘llll

amplitude distribution
o

0.2

1

'
w

| N
0.4 0.6
Position

Fig. 8. The vibration amplitude distribution at the first (solid line) and second
(dashed line) modes of wave in composite for » = 0.3 and d/\s = 0.24.

For the thickness resonance at small d/\3 thexz component
vibration amplitude distribution across the whole unit is about
a constant and there is almost no z; vibration component,
similar to the thickness resonance of an transducer made by
homogeneous material. With the decrease of thickness, the
a3-component of vibration in polymer becomes stronger than
that in ceramic, the field distribution has a ripple in each
unit even though at thickness resonance as the optical probe
measurement on the 1-3 composite has demonstrated [5], [6].

Fig. 8 shows a typical vibration amplitude distribution in
ceramic and polymer for both thickness and lateral modes
with » = 0.3 and d/A3 = 0.24 at resonant frequencies
0.80 and 1.09 MHz, respectively, within the region of mode
coupling between thickness and lateral modes. The amplitudes
are normalized to the amplitude at the center of ceramic. In
order to show the vibration field variation with the thickness,
Fig. 9 illustrates the ratio between the amplitudes at the center
of polymer and that at the center of ceramic for » = 0.3.
For the mode corresponding to the lowest curve in Fig. 3, this
ratio increases with the decrease of the composite thickness
which means there would be more ripple at the surface for
thinner (relative to lateral period) transducer. The vibrations
of ceramic and polymer for the mode on the lowest curve
are always in-phase as the amplitude ratio is always positive.
Vice versa, for the mode on the second curve, the ratio is
negative, there would always be a significant ripple at the
surface. As shown in Fig. 3, when the d/\3 value is above
the mode coupling region, the thickness resonant frequency is
on the upper branch of the Fig. 3 dispersion curves, in this case
the polymer and ceramic oscillate out-of-phase at the thickness
resonance. For high frequency operation, due to the limitations
of fine scale dicing technology, one has to fabricate the
transducers operating at a rather large value of d/2t(=d/)\s3),
compromising the uniformity of surface vibration. One should
note that the above discussions apply to the free surfaces of
the transducers, and in practical cases there are often acoustic
loads on both sides which will alter things. The resonance
with strong piezoelectric coupling switches from the mode on
the lowest curve before mode coupling region to the mode on
the second curve after mode coupling region, but the resonant

Illllllll'lllll|llllIIIII

amplitude ratic of pelymer to ceramic
]

0.20

o0
o
o

Fig. 9. The ratio of amplitudes at the center of polymer to that at the center
of ceramic versus d/Az for ¥ = 0.3. Solid line is for the first mode and
dotted line is for the second mode.

frequencies of both the modes are changing continuously, and
the variation of their vibration field are continuous as well.

In Fig. 3 only three curves are illustrated. In fact, there are
infinite branches of dispersion curves as we extend the figure
to higher values of the ordinate. The third curve in Fig. 3
represents the lateral third harmonic resonance, at which the
vibration in polymer is about one and half periods instead
of half period in the second mode. In Fig. 4, we omitted the
higher mode for clarity.

V. COMPARISON WITH OTHER MODELS

1) The Iso-strain Model: The iso-strain model provide a
good approximation for the thickness resonance of long wave-
length relative to period d [2]-[4]. In order to compare
the dynamic model with iso-strain model, we derived an
effective stiffness formulae for a nonpiezoelectric isotropic 2-
2 composite according to the principle used by W. Smith et
al. for 1-3 composite [2], [3]

p=rp°+(L—r)p”

r(1 —r)(cfy — cfp)?
refy + (1 —r)ef
The effective longitudinal wave velocity in the x5 direction
can be derived from these formulae. For the dynamic model,
the wave velocity can be obtained from the slope at the origin
of the lowest dispersion curve for various volume fraction r.
Comparing the two models, the two curves coincide exactly
as shown in Fig. 10. Therefore, for the thickness resonant fre-
quency the iso-strain model describes the special case of small

d/ A3 in the lowest dispersion curve of the dynamic model.
2) The Stopband Resonance Model [5],[6]: The stopband
resonance model addressed the lateral period resonance as
the stop band edge of the wave propagation in direction
perpendicular to the interfaces of the ceramic and polymer.
In dynamic model, part of the second mode (before the mode

Cs3 =rci; + (1—r)c; — (8)
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Fig. 10. The wave velocity of composite along the x3 direction for » = 0.3
and d/A3 — 0. The solid line represents the result of the dynamic model
and the circles are from iso-strain model.

coupling) is related to the lateral periodical resonance. In case
of d/A3 — 0, the resonant frequency of stop band mode can
be calculated by the 7T-matrix method which considers the
shear wave propagation in the direction perpendicular to the
interfaces of the ceramic and polymer. In the T'-matrix method
each plate, either a ceramic or a polymer one, is equivalent to a
transmission line, mathematically expressed by a matrix, and
the whole composite can be represented as the combination
of ceramic and polymer transmission matrices in alternative
series connection. Combining two of them as a unit cell, the
propagation phase # of a unit cell (a period) can be derived
by ordinary matrix technique

d. d
cos 0 = cos Y cos w_pp
Ur Ur
1/Z. Z ) d. . wd
- (=422 Slnw—smw—pp ©))
2\Z%, Z. v U

where Z. = pv% and Z, = pPv¥ are the acoustic impedance
of ceramic and polymer. The stop band is determined by
cosf > 1, and the stop band edge corresponds to cosf =
1. The frequency of the upper edge in the two solutions
of cosf = 1 is for the lateral resonant frequency in the
symmetrical case. The results of stop band edge frequency
calculated from (9) for various ceramic volume fraction r
are plotted in Fig. 5 combined with the frequencies of the
second dispersion curve at zero d/A3 by the dynamic model.
They overlap each other. We can therefore conclude that the
stopband model describes the zero d/\3 case of the dynamic
model for lateral modes.

VI. SUMMARY

In this paper we developed a dynamic model, which can
quantitatively describe both the thickness and lateral resonant
modes of 2-2 composites with respect to the aspect ratio and
volume fraction. In certain ranges of volume fraction, the
width of the polymer plays a dominant role in determining the
lateral periodic resonant frequency at large aspect ratio of poly-
mer. The vibration field distributions in both ceramic and poly-
mer for various thickness are analyzed, and through the discus-

sion of vibration distribution a physical interpretation for the
behavior of the dispersion curves is given. The surface vibra-
tion ripple of the thickness mode is related to the aspect ratio.

The dynamic model represents a method to solve the dy-
namic problems of periodic composite transducers. However,
what we have done in this paper is just a preliminary work.
By taking the composite thickness as half a wavelength in
xs-direction, the effect of the end faces is neglected. As the
further works to do, the piezoelectricity will be put into this
model to study the dependence of the piezoelectric coupling
coefficient k; on the aspect ratio and volume fraction. The
end face approximation will be corrected and, then, all the
backing material, acoustic loading, and/or the matching layer
will be included in the considerations. This model also needs to
be extended to 1-3 composite so as to better satisfy practical
design requirements.
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